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Fractional derivatives
Fractional derivative operator (Riemann–Liouville) :
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Classical diﬀerential operator :
<latexit sha1_base64="pKLp Bn3YLgj0EW11rqqhJ1LxRlM=">AAADQHicjVFNb9QwEJ2EQkv5a ApHLlFXSNlDV0lVCS6gSlSCY5HYtlLTXTmOt2vViSPHQVpZ/nP8 CcSRW3tCXDkx9qa0UCFwlOTNm3nPHk/RCN7qNP0ShHdW7t5bXb u//uDho8cb0eaTw1Z2irIxlUKq44K0TPCajTXXgh03ipGqEOyoO H/j8kcfmWq5rD/oRcNOK3JW8xmnRCM1jUxeET2nRJh9O8mJaOYk XiR6+CqfKUJNZk3+llQVSbLtZXZoc15r2UxNaidG22VdXkptFjb JNRclQ3poTaK3r8OJWcqtLX+R02iQjlK/4tsg68EA+nUgo8+QQw kSKHRQAYMaNGIBBFp8TiCDFBrkTsEgpxBxn2dgYR21HVYxrCDIn uP3DKOTnq0xdp6tV1PcReCrUBnDc9RIrFOI3W6xz3fe2bF/8zbe 051tgf+i96qQ1TBH9l+6q8r/1bleNMzgpe+BY0+NZ1x3tHfp/K 24k8c3utLo0CDncIl5hZh65dU9x17T+t7d3RKfv/CVjnUx7Ws7u HSnxAFnf47zNjjcGWXpKHu/O9h73Y96DZ7BFiQ4zxewB+/gAMbo /TVYDaJgM/wUXoTfwu/L0jDoNU/htxX++Am7GsDv</latexit> (NB: linear operator)
V. Denoël  |  Closed-from response of a linear fractional viscoelastic oscillator under arbitrary stationary input  |  CSM8  |   June 10-13, 2018  3
Fractional derivatives





of dissipative devices [1] 
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Fractional Maxwell model
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Fractional derivatives
finder.com.au
[1] Makris, Constantinou, 1991, Fractional-derivative maxwell model for viscous dampers





[3] Libertiaux, Pascon , Differential versus integral formulation of fractional hyperviscoelastic constitutive laws for brain tissue modelling
Constitutive law 
of dissipative devices [1] 
Fractional Order Controllers 
for path tracking[2] 
Treatment of 
brain tumors [3] 
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Considered problem
• Stationary loading 
• Arbitrary loading PSD, 
• Slow loading (turbulence)
Stead-state response ?
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Linear equation  —  Solve in Frequency domain
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Considered problem
Existing solutions of similar problems
[5] Di Paola, Failla, Pirrotta. (2012). Stationary and non-stationary stochastic response of linear fractional viscoelastic systems
• Monte Carlo Simulations [5]
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Considered problem
Existing solutions of similar problems
[6] Yang, Xu, Jia, Han (2015) Stationary response of nonlinear system with caputo-type fractional derivative damping under gaussian white noise excitation
• Monte Carlo Simulations [5] 
• Stochastic Averaging (energy envelope) [6]
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[Yang et al.]
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Considered problem
Existing solutions of similar problems
[7] Failla (2017). Stationary response of beams and frames with fractional dampers through exact frequency response functions.
• Monte Carlo Simulations [5] 
• Stochastic Averaging (energy envelope) [6] 
• (Numerical) Integration of the response PSD [7] 











V. Denoël  |  Closed-from response of a linear fractional viscoelastic oscillator under arbitrary stationary input  |  CSM8  |   June 10-13, 2018  10
• Identify the components to the integral 
• Loop on components 
‣ Find local approximation 
‣ Use stretched coordinate to make 
domain of order 1 
‣ Subtract oﬀ approximation 




The Multiple Timescale Spectral Analysis [8]
[8] Denoël, 2015. Multiple timescale spectral analysis 
« Use smallness of contributing 
components to separate them » 
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The Multiple Timescale Spectral Analysis [9]
[9] Denoël, 2018. Multiple timescale spectral analysis of a linear fractional viscoelastic system under colored excitation
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Slow timescale
Location of the resonant peak:
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The Multiple Timescale Spectral Analysis [9]
[9] Denoël, 2018. Multiple timescale spectral analysis of a linear fractional viscoelastic system under colored excitation
Background component (slow)
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Local approximation
V. Denoël  |  Closed-from response of a linear fractional viscoelastic oscillator under arbitrary stationary input  |  CSM8  |   June 10-13, 2018  13
The Multiple Timescale Spectral Analysis [9]
[9] Denoël, 2018. Multiple timescale spectral analysis of a linear fractional viscoelastic system under colored excitation
Background component (slow)
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The Multiple Timescale Spectral Analysis [9]
[9] Denoël, 2018. Multiple timescale spectral analysis of a linear fractional viscoelastic system under colored excitation
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Resonant component (fast)
in Residual
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Validation
[9] Denoël, 2018. Multiple timescale spectral analysis of a linear fractional viscoelastic system under colored excitation
















Multiple timescale spectral analysis
Stochastic Averaging [Yang, 2015]
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Validation
[9] Denoël, 2018. Multiple timescale spectral analysis of a linear fractional viscoelastic system under colored excitation
2. Wind spectrum excitation
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Conclusion
Multiple Timescale Spectral Analysis 
• Assumptions are made in the frequency domain 
• Shares many features of time domain multiple scales method (secular 
terms, freedom in developing approximations) 
• Already applied in many other contexts: MDOF, slight nonlinearities, 
higher statistical moments (skewness, kurtosis), modal coupling, wave 
spectrum analysis. 
• A simple expression for the response of a SDOF fractional visco-
elastic system. Variance is obtained by a simple algebraic equation 
• Simple way to identify the regime in which the structure responds 
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